A hybrid combined finite element-finite volume method has been developed for the numerical simulation of shear-dependent viscoelastic flow problems governed by a generalized Oldroyd-B model with a non-constant viscosity function. The method is applied to the 4:1 planar contraction benchmark problem, to investigate the influence of the viscosity effects on the flow and results are compared with those found in the literature for creeping Oldroyd-B flows, for a range of Weissenberg numbers. The method is also applied to flow in a smooth stenosed channel. It is shown that the qualitative behavior of the flow is influenced by the rheological properties of the fluid, namely its viscoelastic and inertial effects, as well as the shear-thinning viscosity.
Introduction
Complex rheological phenomena such as shear-thinning or shear-thickening viscosity, stress relaxation, nonlinear creeping, normal stress differences and yield stress are typically encountered in many fluids characterized by long chain molecules and complex microstructure. In particular, polymer melts, suspensions, liquid crystals or biological fluids exhibit such properties, leading to nonlinear viscoelastic behavior, which cannot be described by the classical linearly viscous Newtonian flow, and are called non-Newtonian fluids (see [1] ). Striking manifestations of nonNewtonian phenomena have been observed experimentally, such as the Weissenberg or rod-climbing effect, extrudate swell or vortex growth in a contraction flow (see the monograph [2] ). There are many ways to generalize the Newtonian law of viscosity by inclusion of nonlinear terms relating the Cauchy stress and the strain tensor. The simplest case is the generalized Newtonian model where the extra-stress incorporates a shear-rate dependent viscosity. However the generalized Newtonian fluids cannot account for the effects described above, namely the viscoelasticity, but they are often used to model simple flows and to study the flow rate in a pipe, as a function of the pressure drop. Suitable viscoelastic constitutive equations are then required. In general terms, non-Newtonian viscoelastic fluids exhibit both viscous and elastic properties and can be classified as fluids of differential type, rate type and integral type [1] . We refer to the monographs [3] [4] [5] for relevant issues related to non-Newtonian fluid behavior and modeling. Models of rate type such as Maxwell or Oldroyd-B fluids can predict stress relaxation and are used to describe flows in polymer processing. However they cannot capture the complex rheological behavior of many real fluids, such as blood in which the non-Newtonian viscosity effects are of major importance.
Blood is a multicomponent mixture of elastic cells (red blood cells, white blood cells, platelets and other matter) suspended in an aqueous polymer solution, the plasma (Newtonian fluid) containing inorganic and organic salts, proteins and transported substances. In large and medium size vessels, blood is usually modeled as a Newtonian liquid. However in smaller vessels blood behaves as a shear-thinning and viscoelastic fluid, at least at low shear rates, as experimentally recognized by Thurston [6] . Hemorheology is concerned with the deformation and flow properties of cellular and plasmatic components of blood, and with the complex phenomena contributing to the physiology and pathology of blood circulation. The investigation of mathematical models for hemorheology has emerged as an important and useful tool in supplementing experimental data and understanding the interplay of the rheological and biochemical factors under various flow conditions encountered in the human vasculature.
Generalizations of the Oldroyd-B model that can capture the shear-thinning and viscoelastic behavior of blood have been considered by several authors. The empirical three constant generalized Oldroyd-B model studied in [7] belongs to this class and has been obtained by fitting experimental data in one dimensional flows and generalizing such curve fits to three dimensions. A general thermodynamic framework that has been developed by Rajagopal and Srinivasa [8] to describe the response of bodies with multiple configurations can be used to generate rate type models for blood with shear-thinning behavior, with relaxation times depending on the shear rate and where the viscoelastic character of blood becomes less important with increasing shear rate. Recently Anand and Rajagopal [9] derived a model for blood in the context of a general thermodynamic framework which was shown to be in good agreement with experimental data, in steady Poiseuille and oscillatory flows.
Numerical simulations are certainly considered important tools for prediction of non-Newtonian phenomena, in particular for blood flow models in revelant geometries. Over the past two decades intensive research and significant progress has been made in this area, mainly for steady and unsteady flows of viscoelastic differential and rate-type models (see [10] , the monographs [11, 12] and references cited therein). The major drawback of many numerical schemes due to the tremendous amount of computation needed and to their inaccuracy or loss of convergence for high values of the Weissenberg number (referred as the "high Weissenberg number problem") is mainly related to the use of inappropriate boundary conditions and to the hyperbolic nature of the constitutive equations. One of the problems is that a straightforward Galerkin discretization of the constitutive law has poor stability properties if the advection term involving the velocity field and the stress tensor becomes dominant. The other problem is related to the mixed mathematical structure of the nonlinear systems whose behavior under discretization is poorly understood. Typically, specific numerical upwinding or artificial diffusivity techniques must be used, together with appropriate choices of the spaces for velocity, stress and pressure, in such a way that the compatibility LBB inf-sup condition for velocity and pressure fields is satisfied, and the stress has higher accuracy than the velocity. In addition, advanced computational techniques such as highly adaptive refinement, parallel processing and novel matrix solvers will make the computations more affordable. The numerical schemes used for solving these complex systems of PDEs, in particular for our shear-dependent generalized Oldroyd-B model, must be based on a deep understanding of the mixed mathematical structure of the equations (elliptic/hyperbolic in steady case), in order to prevent numerical instabilities on mathematically well-posed problems.
Over the last twenty years, the finite element method has dominated the field of computational rheology. Most of the research was focused on achieving the highest possible Weissenberg number at which numerical stability was still maintained (see [13] for a review of progress in the period 1987-1997). Stabilization techniques such as Streamline Upwind (SU), Streamline Upwind Petrov-Galerkin (SUPG) and their variants have been successfully used by several authors for steady and time dependent flows (see [14] [15] [16] [17] ) who observed in particular that the increased stability was usually associated with a deterioration in accuracy. To take into account the hyperbolic nature of the constitutive equations, the discontinuous Galerkin (Lesaint-Raviart) method has been also applied to viscoelastic flow computations (see [18] [19] [20] ) as well as the method of characteristics (or Lagrange-Galerkin method) introduced in [21] and based on [22] for the Navier-Stokes equations.
More recently there has been a renewed interest in the use of finite volume methods to model viscoelastic flow (following the pioneer work of Patankar [23] for Newtonian flows) due to their advantages in terms of computational resources. These works go back to [24, 25] followed by [26] [27] [28] , among others, who used orthogonal staggered grids to solve flow through the 4:1 planar contraction geometry. In these algorithms pressure and stress unknowns were placed at the center of the control volumes to avoid numerical instabilities related to the singularity at the re-entrant corner. A first order upwind approximation or a semi-Lagrangian method was used for the discretization of the convective terms. However, staggered grids are not well adapted to complex geometries and, to overcome this difficulty, collocated grids have been used by several authors [29] [30] [31] 26, 32] for both structured and unstructured meshes, using higher-order upwind approximations for the convective terms (as in the QUICK, MINMOD and SMART schemes, for example) and SIMPLE-like algorithms to solve the system of equations.
Combined finite element and finite volume (FE/FV) methods have been developed for viscoelastic flows to take advantage of both methods related to the mixed structure of the governing equations. Typically finite elements are applied to the equations of momentum and mass and finite volume schemes are applied to the hyperbolic constitutive equations. In this regard we cite the important contribution of Sato and Richardson [33] and Wapperom and Webster [34] , both using a Taylor-Galerkin/pressure-corrected method for time discretization. In [33] the authors used a finite volume cell-centered method for the constitutive equation, whereas a control volume finite element (CVFE) method developed in [29] , is used in [34] .
Our purpose in this paper is to present a numerical study of steady flows of the generalized Oldroyd-B fluids introduced in [35] , using a hybrid FE/FV method based on CVFE with conformal finite elements. This model is able to capture shear-thinning and viscoelastic effects and can be considered thermodynamically based, in the simple case where the relaxation time is supposed to be a constant. Combined effects of inertia, viscoelasticity and viscosity are shown when the method is applied to the numerical simulation of flow in a smooth stenosed channel.
Beginning with this introduction, the paper is organized as follows. The governing equations and appropriate nondimensionalization are introduced in Section 2. In Section 3 we describe in detail the combined FE/FV numerical method applicable both on stuctured and unstructured meshes. Section 4 is devoted to numerical results. We begin with the validation of our methodology on a planar 4:1 contraction benchmark problem for Oldroyd-B creeping flows. This is followed by the numerical study of the shear-thining and shear-thickening viscosity effects of the generalized Oldroyd-B flows. Finally, the qualitative numerical behavior of the flow through a smooth stenosed channel is also investigated for a range of shear-thining viscosity parameters. The paper ends with concluding remarks.
We notice that partial occlusion of blood vessels due to stenotic obstruction (lumen area reduction) is one of the most frequent anormalities of the vascular system. There is strong evidence that fluid dynamical factors play a major role in the development and progression of atherosclerotic plaques and other arterial lesions, leading to vessel stenosis (see [36, 37] ) but their specific role is not well understood. This work lays the foundation for future applications to pulsatile flows in stenotic two-and three-dimensional vessels, under reliable physiological data.
The mathematical model
We consider an incompressible fluid in a bounded domain Ω ⊂ R 2 and suppose that the external forces are neglected. The continuity and momentum equations are written as follows:
where u is the velocity field, ρ > 0 the constant density and T is the Cauchy stress tensor. This tensor is given by T = − p I + σ where p represents the pressure (a Lagrange multiplier arising from incompressibility) and σ is the extra-stress tensor.
Here we consider the extra-stress tensor given by the constitutive equation for a generalized Oldroyd-B fluid,
where λ 1 , λ 2 > 0 are the viscoelastic constants (relaxation and retardation time, respectively) with λ 1 ≥ λ 2 and µ : R + → R + is the viscosity function satisfying µ(0) > 0. The symbol (·) denotes the Oldroyd objective derivative and is defined by
represents the symmetric part of the velocity gradient and is called the rate of deformation tensor.
We decompose the extra-stress tensor σ into the sum of its Newtonian part τ N = 2
Du and its viscoelastic part τ v . Replacing σ = τ N + τ v by its value in (2.3), we obtain for τ v the following relation
Since we look for steady solutions, the continuity and momentum equations can be written as
Here we consider the particular case of the Carreau-Yasuda viscosity function given by
where q is a real number, ν, ν 0 are nonnegative real numbers such that ν + ν 0 > 0, related to the bounded asymptotic viscosities lim |Du| 2 →+∞ µ(|Du| 2 ) = µ ∞ and lim |Du| 2 →0 µ(|Du| 2 ) = µ 0 . If q > 0, this viscosity function is increasing with the shear rate |Du| 2 and the corresponding fluid has a shear-thickening behavior, while q < 0 corresponds to a decreasing viscosity function with shear-rate and the fluid is shear-thinning. The classical viscoelastic Oldroyd-B model, with a constant viscosity, is recovered with q = 0. We consider the dimensionless form of the system by introducing the following non-dimensional quantities
where the symbol˜is attached to the dimensional quantities (L represents a reference length and U a characteristic velocity of the flow). We also introduce the Weissenberg number We =
. Finally, the dimensionless system is formulated as follows
This formulation is not suitable for dealing with finite volume techniques and therefore we rewrite system (2.9) in divergence form. It becomes
where ⊗ is the dyadic product. 1 This system is closed with appropriate boundary conditions that depend on the flow geometry and will be specified in the next sections. Here and in what follows, vector and tensor fields will be denoted by boldface letters. 
Numerical method
Problem (2.10) is a coupled system of partial differential equations of mixed elliptic-hyperbolic type on the three unknowns (u, p, τ ). This requires an appropriate decoupling numerical technique to take advantage of the mixed mathematical structure of the system and to avoid the excessive computer memory requested when a coupled solution technique is implemented. The current hybrid spatial discretization combines a finite element discretization (Taylor-Hood method) for continuity and momentum equations, to obtain an approximation of the velocity components-pressure (u, p), with a cell-vertex finite volume scheme for the constitutive equation (2.10) 3 to obtain an approximation of the viscoelastic stress tensor. The uncoupling between the two sets of nonlinear discretized equations is achieved by means of a Picard's iterative scheme. In order to describe the hybrid finite element-finite volume (FE-FV) method, we need to construct the computational mesh and describe the discretization method and numerical algorithm.
Computational mesh and discretization
Let Ω ⊂ R 2 be the computational domain and, for each h > 0 let (Q h ) h be a regular family of quadrangles, with sides parallel to the coordinate axes of a cartesian frame, coveringΩ . For each integer k ∈ N, Q k denotes the space of all polynomials, defined in R 2 , of degree less or equal to k with respect to each variable.
The finite element discretization adopted here is based on piecewise continuous Q 2 −Q 1 Taylor-Hood elements for the approximation of the pair velocity components-pressure (as indicated in Fig. 1(a) ). This is a well documented FE method (see e.g. [38, 39] ) where the velocity-pressure interpolation satisfies the usual compatibily condition (known as the Ladyzhenskaya-Babuška-Brezzi (LBB) condition) between the function spaces for velocity and pressure that prevents locking and spurious oscillation phenomena. The nonlinear convective term of the Navier-Stokes equations is discretized as u k−1 · ∇u k where the superscript k − 1 indicates the value taken at the previous iteration and k is the current iteration of Picard's method.
The basic idea of the finite volume method applied to the discretization of the viscoelastic stress tensor is to integrate the constitutive equation (2.10) 3 over a control volume (of triangles or quadrangles) and to use Gauss' divergence theorem to compute a boundary integral, whenever possible. Two different mesh strategies can be adopted to locate the approximate values of the unknowns. The first one is a cell-centered finite volume method where all components of the stress tensor are taken at the center of the mesh cells [26, 23, 25] . This approach represents a good approximation of the unknown over the volume in every case. However, the disadvantage of such a choice is that the fluxes on the interfaces of the controle volumes are not well approximated in the case of unstructured meshes. Futher interpolations are required to recover the FE nodal stress values to include in the momentum equation (2.10) 1 (as for the pressure, a piecewise continuous Q 1 function is needed to approximate the stress in order to avoid spurious oscillation phenomena [40] ). To overcome these difficulties, a second strategy can be applied. The method consists in meshing the computational domain with quadrangles (or triangles, see Remark 1 below) and locating the stress unknowns at the vertices of the mesh cells. Then a control volume is constructed around each vertex in order to obtain a dual mesh (see below for a more detailed description). This method is known as the cell vertex FV method [41] [42] [43] and is the one adopted in this paper. It can be compared to a low order FE method, it is better adapted to recover the FE nodal stress unknown and to complex geometries and it allows for an element-by-element assembling matrix as in the FE method.
The finite volume method applied to the discretization of the stress in (2.10) 3 uses the finite element mesh as a platform or primal mesh. For each quadrangle Q ∈ (Q h ) h , we take its gravity center (intersection of the median lines) and join it to the midpoint of each edge, dividing Q into four equal subquadrangles. We obtain a new regular family of quadrangles denoted by (K h ) h . An element K ∈ (K h ) h has nodes 1-2-4-5, for example (see Fig. 1(a) ). This new family is used to generate the dual mesh denoted by (V h ) h and composed of control volumes V : for each vertex of a quadrangle Q, V is the union of the four FV sub-cells containing this vertex. Fig. 1(b) is an illustration of the FV-primal and dual meshes constructed on a rectangular domain Ω . Remark 1. The hybrid FE-FV method can be applied to a triangular mesh in a straightforward way. In that case, the domainΩ is covered with a regular family of triangles (K h ) h and the pair velocity components-pressure is approximated by piecewise continuous P + 2 − P 1 elements (P k , k ≥ 0 is the space of polynomials of degree less or equal to k and the superscript + indicates a bubble function added to the polynomial space). The stress unknowns are located at the vertices of each triangle and are taken constant in each control volume. A control volume is the union of subvolumes sharing the same vertex. Each subvolume is obtained by connecting the gravity center of the triangle to each midside (see Fig. 2 ).
In what follows the discretization method will be described in such a way that both the quadrangular or triangular meshes can be considered.
Next, we introduce the discretization of the constitutive equation by the finite volume method. Let ϕ i be the basis functions associated to the vertex i. Each component of the stress tensor τ can be written in this basis as
where Φ i h is the value of Φ h on the vertex i. The variable Φ is a common notation representing τ x x , τ x y and τ yy , components of the stress tensor τ . The number nbf indicates the number of basis functions, here nbf = 4 (nbf = 3, in the case of a triangular mesh).
Let V be a control volume belonging to (V h ) h . Integrating on V the constitutive equation (2.10) 3 and using Gauss' theorem we get
where n denotes the unit outward normal on the boundary. In order to compute the integrals, we use a function that maps a current element Q into a reference elementQ. As in finite element methods, we restrict ourselves to convex quadrangles. Usually, the Jacobian matrix is non constant and depends on the coordinate system. Therefore, the equality
whereF Q is a mapping fromQ to Q and DF Q is its Jacobian matrix is not verified. However, this property is a simple way to guaranty the mass balance on the common edge between two volumes. It is simply recovered if we suppose that the Jacobian matrix is constant all over the element Q. So we take DF Q = DF Q (c ) where c is the center of the volume Q. This kind of approximation is used when there are physical coefficients in the equation. This approach is strongly recommended as emphasized by Patankar [23] .
Remark 2. In the case of a triangular mesh, the mapping is affine and thus its Jacobian matrix is constant. Now, using the fact that V = K ⊂V K or ∂ V = K ⊂V ∂ K , we discretize Eq. (3.2) by a finite element technique. The convective terms ∂ V τ u · ndσ appearing in Eq. (3.2) need special attention. The other terms in Eq. (3.2) can be easily integrated by using the midpoint numerical integration rule. So we can write: 5) where the subscript V means that the value is taken in the center of the control volume.
As for the convective terms, we first write
where g is the numerical flux and V and V are two volumes sharing the edge Γ . The flux on γ is discretized using an upwind scheme as follows
and similarly for the other common edges between two volumes. This scheme is unconditionally stable and insures that the solution remains bounded (this means that the value of the computed node stays between the range of values defined by its neighbours). Unfortunately, this scheme is very dissipative and is of first order if the flux is not parallel to the axis, in the case of a quadrangular mesh, or oblique in the case of a triangular mesh. Therefore, refined meshes are necessary to obtain a "good" solution. The definition of "good" depends on the problem to be solved and the goal to be reached. In most cases, this scheme is good enough. Ongoing research is devoted to the construction of less dissipative and more accurate schemes but no statisfactory solutions have been found for dimensions higher than one. The most common scheme used is the QUICK scheme with deferred-correction approach where the lower order term (which is the term arising in the upwind scheme) is taken implicitly and the higher order terms are treated explicitly. This construction is a requirement, otherwise negative values appear on the diagonal of the matrix which leads to an unrealistic solution or to the divergence of the scheme [26] ).
We also point out that the velocity field in Eq. (2.10) 3 must be constant on each control volume. More precisely, the velocity field as well as the stress components need to have a bilinear (Q 1 function) representation on the primal mesh. Since, the velocity field is biquadratic on this mesh, we construct an interpolation of the velocity field in the following way. Each component of the velocity has nine degrees of freedom on each element (see Fig. 1 ) and we remark that, on each side of the dual volume, the velocity component has two degrees of freedom. Since the finite volume method deals with low degree polynomials (P 0 , P 1 , Q 0 or Q 1 ), we can interpolate the velocity field using Q 1 polynomials on each subquadrangle. This is equivalent to the so-called finite element Q 2 isoQ 1 .
Remark 3. The interpolation of the velocity components is done in a similar way in triangular or quadrangular meshes. Each triangle is divided into six subtriangles by connecting the gravity center to both the vertex or the middle-edge (for example, the triangle formed by the points o-b-a, see Fig. 2 for the notations). On each subtriangle, the velocity components are interpolated with continuous piecewise linear functions (P 1 ).
Let us briefly describe the numerical algorithm. We use Picard's iterations to reduce the nonlinear problem to a sequence of linear solvers.
(1) Initialize variables. (2) Solve the continuity and momentum equations (Stokes/Navier-Stokes) for (u, p). The Bi-Conjugate Gradient Stabilized (BiCGStab) solver (see [44] ) has been applied to the inner iterations with a tolerance equal to 10 −10 . The Picard's iterations were stopped if
where Φ k+1 denotes the most recent approximation of the unknown from the outer iteration and Φ k is the preceding approximation.
Numerical results
We proceed with the validation of our FE/FV hybrid method on the classical Oldroyd-B fluid, assuming creeping flow, i.e. Re = 0, as a starting point. The method is applied to a standard benchmark: flow through an abrupt planar four-to-one (4:1) contraction, for a range of Weissenberg numbers up to We = 3. The same benchmark problem is used to highlight the shear-thinning and shear-thickening viscosity effects on the flow, when the full generalized Oldroyd-B model (2.10) is considered. Finally the method is also applied to generalized Oldroyd-B flows in a smooth stenosed channel. Preliminary results are presented showing in particular the influence of the viscoelastic, inertial and shear-thinning effects on the qualitative behavior of the flow.
Validation of the numerical method
We consider the flow of an Oldroyd-B fluid through an abruptly contracting channel in which the ratio of the channel widths before and after the contraction is 4:1. A schematic diagram of the upper half of this geometry is shown in Fig. 3 . The governing equations are given by:
which is the inertialess form of (2.10) with constant viscosity. In order to close the system of PDE's we need to impose suitable boundary conditions. At the inlet we prescribe a Poiseuille velocity profile and, due to memory effects of viscoelastic fluids, all components of the viscoelastic extra-stress must also be prescribed. Moreover, we assume that the downstream exit length is chosen long enough so that at the outlet a fully developed Poiseuille flow is also prescibed. No-slip conditions are imposed on Γ wall and symmetry conditions are specified on the axis of symmetry. More precisely, from the fully developed profiles, the prescribed values can be obtained analytically (see [32] ), and these Dirichlet boundary conditions are given by
Inlet section (Γ in ): Outlet section (Γ out ):
Symmetry axis (Γ s ):
Wall section (Γ wall ):
The 4:1 contraction benchmark problem has been extensively studied (see e.g. [41, 27, 45, 28, 46] ). It is a numerically challenging and important test problem, in terms of stability at high Weissenberg numbers. It's main difficulty, compared with other benchmarks in smooth geometries, such as the falling sphere in a tube or the flow along an array of cylinders (see e.g. [31, 29, 47] and references therein), is to catch correctly the singularity at the re-entrant corner. This is the cause of failure of many numerical methods, due to the large stresses developed in this region. A fine mesh around the corner needs to be used to capture the singularity. However, the use of fine meshes reduces the order of the critical Weissenberg number for which the method fails to converge. Another challenging feature of this benchmark problem is to predict the form and behavior of the lip-vortex appearing in the salient corner as a function of the Weissenberg number. We refer to [32] for a review of previous numerical work. Four different meshes named M1, M2, M3, M4 are considered in this study. M1 is a uniform mesh with a discretization step h = 1 5 in each direction. M2 is an anisotropical mesh with an area 2 × 10 −2 near the corner. Meshes M3 and M4, presented in Fig. 4 , are refinements of meshes M2 and M1 respectively. For these meshes, the areas around the re-entrant corner are 5.5 × 10 −3 and 10 −2 , respectively. The dimensionless units U and L are chosen to be U = 1 3 and L = 1, so that We = λ 1 3 . The parameter w is taken equal to 8 9 for comparaison with other results in the literature. Fig. 5 presents, for the four different meshes, the stress tensor components evolution along the line y = 1, which crosses the re-entrant corner. The Weissenberg number retained here is equal to We = 1.5. As expected, a peak appears at the re-entrant corner. Furthermore, the height of the peak depends on the area around the corner: the smaller the area, the higher is the peak (this can be detected when results on the coarser meshes M1 and M2 are compared with those on the finer meshes M3 and M4). We remark that for the first component of the stress tensor τ x x (Fig. 5(a) ) a gap appears between the profiles obtained using mesh M1 and the others. This gap does not appear on the profiles of the other components of the stress tensor (Fig. 5(b) and (c) ). This is essentially due to the parabolic profile of the first
(b) τ x y = τ yx .
(c) τ yy . component of the stress tensor in a channel and to the poor refinement of mesh M1, in the y direction compared to the other meshes. The second and third components of the stress tensor have linear profiles, which are better approached in the different meshes. A refinement of the narrow channel permits reduction of this gap. Fig. 6 illustrates the evolution of the second and third components of the stress tensor on mesh M4. As we can see, the curves are quasi identical in the two channels (upstream and downstream of the re-entrant corner) and are independent of the Weissenberg number, which is an expected result (see e.g. [27, 46] ). As for τ x x we observe that the profiles depend on the Weissenberg number, with a negative peak value for the Newtonian flow (We = 0). The only relevant difference between these curves is at the re-entrant corner, since the peak is more important when the Weissenberg number increases. Fig. 7 displays the pressure, the stress and the streamline contours for We = 3, which is the maximum value of the Weissenberg number achieved in our computations. This figure shows in particular that stress boundary layers develop downstream of the re-entrant corner and attain the highest intensity for We = 3. An interesting feature observed also by other authors (see e.g. [32, 45, 28] ) is that the qualitative behavior of the numerical results does not change with the Weissenberg number. On the other hand, we observe that the lip-vortex appears for We = 3, using mesh M4 (see Fig. 7(f) ). The lip-vortex was not detected for smaller values of Weissenberg number on this mesh or on the less refined meshes M1, M2, M3, which suggests that the lip-vortex is attached to fluid viscoelasticity and to mesh size. The results obtained with our FE/FV numerical method are in qualitative agreement with the results of [27, 32, 45, 28] , where similar simulation assumptions were considered.
Effects of non-Newtonian viscosity
Having validated our numerical scheme in the previous section, for an Oldroyd-B creeping flow, we are going to highlight the influence of the shear-thinning and shear thickening effects of non-Newtonian viscosity on the flow of the generalized Oldroyd-B fluid with governing equations expressed by (2.10). This study uses the Carreau-Yasuda viscosity function given by (2.8). All the following results have been obtained in the same framework of the previous section using mesh M4, with Re = 0 and with We = 1 (i.e. relaxation time λ 1 = 3), for different values of the dimensionless viscosity coefficient η and the power index q.
The evolution of the extra-stress components along the line y = 1, crossing the re-entrant corner, is observed in Figs. 8 and 9 . Fig. 8 is concerned with shear-thickening fluids (q ≥ 0). The value q = 0 corresponds to the classical Oldroyd-B solution, with a constant viscosity, and is taken as a reference. We recall that the viscoelastic and the viscosity effects of the generalized Oldroyd-B fluids combine the characteristics of both generalized Newtonian and Oldroyd-B fluids, which is clear from the analysis of the plots of Fig. 8 . We observe that the maximum absolute values of the peaks presented by the stress components at the re-entrant corner are highly influenced by the power index q, increasing with it, for q < 2 ( Fig. 8(a) , (c) and (d)) and decreasing when q = 2 ( Fig. 8(b) ). Fig. 8(a) and (b) show also that the peak with negative values vanishes for q close to 2. Upstream of the re-entrant corner, the quantitative behavior of all components of the stress on the upper boundary of the narrow channel, does not change with q. However downstream of the corner this behavior changes dramatically except for component τ yy where the plots corresponding to different values of q look superposed.
Results for the shear-thinning viscosity (q ≤ 0) are presented in Fig. 9 . The behavior of the τ x y = τ yx stress components on the upper wall of the narrow channel is the opposite to the one corresponding to the shear-thickening viscosity: increasing maximum values of the stress are associated with decreasing values of q. Moreover, as for the shear-thickening viscosity, the τ yy stress component is not influenced by the power index viscosity, except at the corner, where the maximum value of the peak decreases when q decreases (see Fig. 9(c) ). As for the τ x x stress component we notice that contrary to the shear-thickening case, the peak does not present any negative values and decreases continuously with q (see Fig. 9(d) ).
Finally, we point out that some simulations have also been performed for different values of the viscosity parameter η. Results are similar to those obtained with η = 1 2 and are not reported here. However, all the simulations failed for a power index higher than q = 2, independently of the value of η and for different Weissenberg numbers.
Flow in a stenosed channel
Numerical simulations have also been performed in a smooth stenosed channel, in view of their application to blood flow in small size vessels, as already mentioned in the introduction. (b) τ x y = τ yx .
(c) τ yy . A representative geometry of the stenosis considered in this investigation is shown in Fig. 10 , along with all relevant dimensions. The rigid and impermeable lateral wall is modeled as a smooth constriction, given by the equations The indexes 1 and 2 refer to the upper and lower walls, respectively, h 1 and h 2 represent the heights of the stenosis profile, R 0 is the radius of the channel and L = 2R 0 is the length of the stenosis profile. In steady flow simulations long outflow tubes have to be chosen to avoid the influence of outflow boundary conditions on the flow patterns in the stenotic region. Here the channel is 30R 0 long and we take R 0 = 1 and h 1 = h 2 = 0.3. These values imply a stenosis with a 30% area reduction, which corresponds to the case of a relatively mild occlusion, leading to local small increasing Reynolds and Weissenberg numbers. Fully developped Poiseuille flows obtained analytically are prescribed upstream and downstream of the stenosis, as Dirichlet boundary conditions, and read as follows Inlet section (Γ in ):
τ x y (−10R0, y) = −wy,
Outlet section (Γ out ):
(b) τ x x for q = 0 and q = 2. Wall section (Γ wall ):
(c) τ yy .
(d) Representation of τ x x in x − log basis. Among the hemodynamic parameters of physiological relevance to quantify the progression of arterial diseases related to vessel constriction, is the wall shear-stress (WSS) which measures the force tangential to the vascular wall and can be defined relative to the Cauchy stress tensor T , by where ν denotes the unit outward normal and λ is the unit tangent to the wall. Abnormally large values of this quantity are related to a possible rupture of stenotic plaques. The numerical simulations have been obtained for fixed Weissenberg number We = 3, for Reynolds numbers Re = 30 and Re = 60, relaxation ratios w = 1 10 and w = 1 2 (physiological value, see [7] ) and for different values of the power ratio η and the power index q, in order to study the shear-thinning viscosity effects of the flow on this geometry. Remark 4. We notice that the choice of parameters η and w is not independent. This can be easily deduced from the nondimensional governing equations (2.9).
Consider the source term in Eq. (2.9) 3 given by (w +η((1+|Du| 2 ) q −1))Du with w = 1− 
(g) η = 3 4 , q = −1. (c) η = 1 2 , q = −10.
(g) η = 3 4 , q = −1. If η − w ≤ 0, inequality (4.4) is verified for any values of q and x. However, for η − w > 0 we get
, for all x = 0,
, for all x = 0.
(4.5)
Then it follows that the sign of A in the source term is determined by the choice of the parameters η and w. For η = w and η < w, A is positive, for any value of q. However, if η > w then the sign of A changes according to (4.5). Fig. 11 shows the wall shear stress (WSS) distribution on the upper wall of the stenosis for parameters referred above and for different values of the power index q ≤ 0. We observe the presence of a peak wall shear stress due to the stenosis, for any value of q ≤ 0. Fig. 11(a) and (b) corresponding to η < w and η = w respectively, show that the peak shear stress value decreases with q, when compared with q = 0 (Oldroyd-B fluid). The profiles in Fig. 11(c) correspond to the choice η > w and show a different peak behavior at the stenosis for q ≤ − 1 2 . According to Remark 4 we observe that A is negative for q = ln( Fig. 11(d) , (e) and (f) show a similar qualitative behavior when w = 1 2 . We conclude that the negative values of the WSS show the existence of a large zone of recirculation and reversal flow around the stenosis (see e.g. [49] ).
The spatial distribution of the stress components around the upper wall of the stenosis is illustrated through the 3D plots of Fig. 12 , which in particular show the viscosity effects when compared to the reference solution (Oldroyd-B fluid, q = 0). When η = w (Fig. 12(b) , (e) and (h)) the stress tensor components present oscillations for small values of the power index q. When η > w (Fig. 12(c) , (f) and (i)) the profile of τ x x shows two negative peaks, upstream and downstream of the stenosis while the peaks of τ yy are reversed. The component τ x y presents a peak value upstream and downstream of the stenosis with opposite signs. Figs. 13-15 show 2D plots of the stress components around the Fig. 14(a) ).
Finally, Fig. 16 shows for the inertial, viscoelastic and viscosity parameters already used, the isovalues of the velocity and pressure fields around the stenosis. When A ≥ 0 (Fig. 16(c)-(f) ) we verify an elongation of the contour lines of the velocity components while for A < 0 (Fig. 16(g ) and (h)) these isovalues are concentrated in the core of the stenosis.
The present work does not include the study of non-Newtonian viscosity and viscoelastic effects of the model as a function of the stenosis severity for steady or pulsatile flows. Therefore it must be considered as a preliminary step towards the application to blood flow in stenosed vessels.
Conclusions
Successful viscoelastic flow simulations require great efforts and much computer resources, mainly due to the hyperbolic character of the constitutive equations. In this paper a hybrid FE/FV numerical method has been developed to solve shear dependent incompressible viscoelastic flows by a generalized Oldroyd-B model with a non-Newtonian viscosity depending on the second invariant of the rate of deformation tensor.
In order to validate the numerical method, the 4:1 planar contraction benchmark problem for creeping flows has been investigated using several refined meshes. The behavior of the re-entrant corner vortex has been analyzed for increasing Weissenberg numbers up to We = 3 showing, for the classical Oldroyd-B model, results which are in good agreement with those found in the literature. Interesting viscosity effects have been observed for both shearthinning and shear-thickening flows, at the re-entrant corner and on both upstream and downstream channels, for certain ranges of the viscosity parameters.
Numerical results have also been obtained for shear-thinning Oldroyd-B fluids in a stenosed channel where interesting combined effects of inertia, viscoelasticity and viscosity have been studied as a function of the corresponding dimensionless parameters.
One of the important features of this analysis is its application to blood flow in small size vessels where the viscosity shear-thinning and nonlinear viscoelastic behavior at low shear rates, should not be neglected [6] as is usually done in large vessels. From this steady flow study of viscosity, pressure and wall shear stress distribution in a rigid stenosed channel, basic characteristics of the complex rheology of blood could be found in relation to the shape of the flow domain since diseased vessels are often relatively rigid. However, for the complete assessement of the shear-thinning and viscoelastic properties of human blood, unsteady flow on a more severe stenotic geometry has to be considered to provide some understanding of the genesis of atherosclerosis and other arterial lesions (see e.g. [37, [48] [49] [50] [51] ). The main objective of future work will be to extend this numerical study to unsteady two dimensional and three dimensional flows in stenotic vessels, under physiological conditions.
